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has dynamics
- Josephson junctions
- superconducting Qbits

spatial structure
- vortices
- solitons



What are solitons
- Solitons are persistent nonlinear waves

“Pulses” which travel without changing shape
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Why study collective modes of solitons
- Understanding emergent nonlinear structures

develop theoretical framework to identify collective degrees of freedom



Why study collective modes of solitons
- Understanding emergent nonlinear structures
- Understanding far-from-equilibrium properties of superfluids

(e.g., soliton trains are generated in phase transitions)
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FIG. 1. Density distribution (a) and phase distribution (b) of a
dark soliton state with Df ! p. The density minimum has a
width !l0. The scheme for the generation of dark solitons by
phase imprinting is shown in (c), where le is the width of the
potential edge.

(axial) soliton energy to the radial degrees of freedom and
leads to the undulation of the DS plane, and ultimately
to the destruction of the soliton. This instability is
essentially suppressed for solitons in cigar-shaped traps
with a strong radial confinement [9], such as in our
experiment [15].
As can be seen from Eq. (1), the local phase of the dark

soliton wave function varies only in the vicinity of the DS
plane, x " xk , and is constant in the outer regions, with
a phase difference Df between the parts left and right to
the DS plane (see, e.g., Fig. 1b).
To generate dark solitons we apply the method of phase

imprinting [13], which allows one also to create vortices
and other textures in BEC’s. We apply a homogeneous
potential Uint, generated by the dipole potential of a
far detuned laser beam, to one-half of the condensate
wave function (Fig. 1c). The potential is pulsed on for
a time tp , such that the wave function locally acquires
an additional phase factor e2iDf, with Df ! Uinttp#h̄ !
p . The pulse duration is chosen to be short compared to
the correlation time of the condensate, tc ! h̄#m, where
m is the chemical potential. This ensures that the effect
of the light pulse is mainly a change of the phase of the
BEC, whereas changes of the density during this time can
be neglected. Note, however, that due to the imprinted
phase, at larger times one expects an adjustment of the
phase and density distribution in the condensate. This
will lead to the formation of a dark soliton and also to
additional structures as discussed below.
In our experimental setup (see [16]), condensates con-

taining typically 1.5 3 105 atoms in the (F ! 2, mF !
12) state, with less than 10% of the atoms being in the
thermal cloud, are produced every 20 s. The fundamen-
tal frequencies of our static magnetic trap are vx ! 2p 3
14 Hz and v! ! 2p 3 425 Hz along the axial and radial
directions, respectively. The condensates are cigar-shaped
with the long axis (x axis) oriented horizontally.
For the phase imprinting potential Uint, a blue detuned,

far off resonant laser field (l ! 532 nm) of intensity
I " 20 W#mm2 pulsed for a time tp ! 20 ms results in

a phase shift Df of the order of p [17]. Spontaneous
processes can be totally neglected. A high quality optical
system is used to image an intensity profile to the
BEC, nearly corresponding to a step function with a
width of the edge, le, smaller than 3 mm (see Fig. 1c).
The corresponding potential gradient leads to a force
transferring momentum locally to the wave function and
supporting the creation of a density minimum at the
position of the DS plane for the dark soliton. Note that
also the velocity of the soliton depends on le (see Fig. 3c).
After applying the dipole potential we let the atoms

evolve within the magnetic trap for a variable time tev .
We then release the BEC from the trap (switched off
within 200 ms) and take an absorption image of the
density distribution after a time of flight tTOF ! 4 ms
(reducing the density in order to get a good signal-to-noise
ratio in the images).
In a series of measurements we have studied the

creation and successive dynamics of dark solitons as a
function of the evolution time and the imprinted phase.
Figure 2 shows density profiles of the atomic clouds for
different evolution times in the magnetic trap, tev . The
potential Uint has been applied to the part of the BEC
with x , 0. For this measurement the potential strength
was estimated to correspond to a phase shift of !p .
For short evolution times the density profile of the

BEC shows a pronounced minimum (contrast about 40%).
After a time of typically tev " 1.5 ms a second minimum
appears. Both minima (contrast about 20% each) travel
in opposite directions and in general with different veloci-
ties. Figure 3a shows the evolution of these two minima
in comparison to theoretical results obtained numerically
from the 3D Gross-Pitaevskii equation.
One of the most important results of this work is

that both structures move with velocities which are
smaller than the speed of sound (cs " 3.7mm#s for
our parameters) and depend on the applied phase shift.
Therefore, the observed structures are different from
sound waves in a condensate as first observed at MIT [18].
We identify the minimum moving slowly in the negative
x direction to be the DS plane of a dark soliton.
We have performed a series of measurements with

different parameter sets for le and the product of laser

FIG. 2. Absorption images of BEC’s with kink-wise struc-
tures propagating in the direction of the long condensate
axis, for different evolution times in the magnetic trap, tev .
(Df ! p, N " 1.5 3 105, and tTOF ! 4 ms).
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tion has a large velocity in the !x direction.
This velocity, which can be understood as
arising from the impulse imparted by the
optical dipole force, results in a positive den-
sity disturbance that travels at or above the
speed of sound. A dark notch is left behind;
this is a soliton moving slowly in the –x
direction (opposite to the direction of the
applied force).

We have numerically solved Eq. 1 in three
dimensions through the application of real-
space product formulas (32) and by using a
discrete variable representation of the wave
function (33) based on Gauss-Chebyshev
quadrature with 50 to 400 spatial grid points
in each dimension; in the latter approach, the
time dependence of the solution was obtained
by Runge-Kutta integration. Figure 3, F to J,
shows the results of the simulations where the
experimental phase imprint is approximated
as "(x, y) # ("0/2)[1 ! tanh(x/l )], where
"0 # 1.5$, and l # 2 %m corresponds to an
imprinting resolution of & 4.4 %m (27, 34).
The calculated and experimental images are
in very good agreement.

A striking feature of the images is the
curvature of the soliton. This curvature arises
from the 3D geometry of the trapped conden-
sate and occurs for two reasons. First, the
speed of sound '0 is largest at the trap center,
where the density is greatest, and decreases
toward the condensate edge. Second, as the
soliton moves into regions of lower conden-
sate density, we find numerically that the
density at its center (n ( n d) approaches zero,
) approaches $, and 's decreases to zero
before reaching the edge. The soliton stops
because its depth n d, rather than its phase
offset ), appears to be a conserved quantity in
a nonuniform medium.

Soliton speed. The subsonic propagation
speed of the notches seen in Fig. 3 shows that
they are solitons and not simply sound waves.
To determine this speed, we measured the
distance after propagation between the notch
and the position of the imprinted phase step
along the direction indicated in Fig. 3H. Be-
cause the position of our condensate varied
randomly from one shot to the next (presum-
ably because of stray, time-varying fields),
we could not always apply the phase step at
the center. A marker for the location of the
initial phase step is the intersection of the
soliton with the condensate edge, because at
this point the soliton has zero velocity. By
using images taken 5 ms after the imprint, at
which time the soliton had not traveled far
from the BEC center, we obtained a mean
soliton speed of 1.8 * 0.4 mm/s (35). This
value is significantly less than the mean
Bogoliubov speed of sound, '0 # 2.8 * 0.1
mm/s. From the propagation of the notch in
the numerical simulations (Fig. 3, F to J), we
obtained a mean soliton speed, 's # 1.6
mm/s, in agreement with the experimental

value. The experimental uncertainty is main-
ly due to the difficulty in determining the
position of the initial phase step.

We can also compare the results of the
numerical 3D solutions of Eq. 1 to the ana-
lytical predictions of Eq. 2, which describes a
traditional dark soliton in a homogeneous, 1D
geometry. We calculated the soliton speed
using a local density approximation in Eq. 2
[n #  $0(r)2, where $0(r) is the ground-
state solution of Eq. 1] from either the phase
or depth of the solitons obtained in the 3D
simulations. In every case examined, this
speed is in excellent agreement with the re-
sults of 3D numerical simulations.

Figure 4 shows the theoretical density and
phase profile along the x axis through the center
of the condensate 5 ms after the "0 # 1.5$
phase imprint (Fig. 3H). The dark soliton notch
and its phase step are centered at x # ( 8 %m.
This phase step, ) # 0.58$ is less than the
imprinted phase of 1.5$. The difference is
caused by the mismatch between the phase
imprint and the phase and depth of the soliton
solution of Eq. 1: Our imprinting resolution
(27) is larger than the soliton width, which is on
the order of the healing length ( + , 0.7 %m),
and we do not control the amplitude of the
wave function. The mismatch produces features
in addition to the deep soliton, such as a shallow
dark soliton at x # ( 14 %m moving to the left

and other excitations near x # 20 %m moving
rapidly to the right. Most of these features are
not well resolved in the experimental images
(Fig. 3, A to E). We observed both experimen-
tally and theoretically that when the imprinted
phase step is increased, the weak soliton on the
left becomes deeper; when the phase step is
lowered, both solitons become shallower and
propagate faster.

We could avoid the uncertainty in the
position of the initial phase step and improve
our measurement of the soliton speed by
replacing the step mask (Fig. 1A) with a thin
slit (Fig. 1B). The thin slit produced a stripe
of light with a Gaussian profile (1/e2 full
width , 15 %m). With this stripe in the center
of the condensate, numerical simulations pre-
dict the generation of solitons that propagate
symmetrically outward. We selected experi-
mental images with solitons symmetrically
located about the middle of the condensate
and measured the distance between them.
Figure 5A shows the separation of the pair of
solitons as a function of time. For a small
phase imprint of "0 , 0.5$ at Gaussian
maximum, we observed solitons moving at
the Bogoliubov speed of sound within exper-
imental uncertainty. For a larger phase im-
print of "0 , 1.5$, we observed a much slower
soliton propagation, in agreement with numer-
ical simulations. An even larger phase imprint

1 ms 10 ms7 ms5 ms2 ms 
x
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Fig. 3. Experimental (A to E) and theoretical (F to J) images of the integrated BEC density for
various times after we imprinted a phase step of & 1.5$ on the top half of the condensate with a
1-%s pulse. The measured number of atoms in the condensate was 1.7 (* 0.3) - 106, and this value
was used in the calculations. A positive density disturbance moved rapidly in the !x direction, and
a dark soliton moved oppositely at significantly less than the speed of sound. Because the imaging
pulse (27 ) is destructive, each image shows a different BEC. The width of each frame is 70 %m.

Fig. 4. Calculated density and phase
along the x axis (dashed line in Fig. 3H) at
0 ms (thin lines) and at 5 ms (thick lines)
after applying a phase step imprint of
1.5$. The soliton located at x # ( 8 %m
has a phase step of 0.58$ and a speed of
1.61 mm/s, which is much less than that
of sound.
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FIG. 4. Images of expanded condensates and their initial states
(insets), as viewed along both imaging axes. Each subfigure
consists of two expansion images (top row of each subfigure)
and two images of residuals plots (bottom row), obtained after
subtracting a TF fit of each expansion image. The white regions
in the residuals correspond to depletion of fluid in the BEC.
The residuals are superimposed with white ellipses outlining
the fit TF profiles of the condensates, for position reference.
(a) An expanded ground state condensate. (b)–(h) The decay
products of solitons. The hold times (between j2!-atom removal
and BEC expansion) were 0 ms for images (a)–(c), (f), and
(g), 50 ms for (d) and (e), and 150 ms for (h). For all images,
we reduced background noise (fringes) using a digital Fourier-
transform filter.
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(! ¼ 1064 nm) and a one dimensional optical lattice (! ¼
843 nm). The first beam of the dipole trap has a Gaussian
waist of 5 "m and results in a strong transverse and weak
longitudinal confinement. The second beam orthogonally
crosses the first one and has an elliptic shape (60 "m"
230 "m waist) leading to an extra adjustable confinement
only in the longitudinal direction of the trap. We start our
experiments with a transverse frequency of the total har-
monic trap of #? ¼ 408 Hz and a longitudinal one of #z ¼
63 Hz. The barrier height of the optical lattice is chosen to

be approximately 1 kHz and the lattice spacing is 5:7 "m.
This results in a double well potential with a well distance
of 5:4 "m.
In order to start with a well-defined phase between the

two condensates, the barrier height is chosen to be low
enough such that thermal phase fluctuations are negligible
for the measured temperature of T # 10 nK [28] (the
critical temperature for condensation is Tc # 110 nK)
and high enough so that high contrast solitons are formed.
The solitons are created by switching off the optical lattice
and merging the two condensates in the remaining har-
monic potential. After the switching off, the trap frequen-
cies are ramped to the parameters of interest (#z, #?). The
distance between the formed solitons is adjusted by choos-
ing different sets of final frequencies and different atom
numbers. For each parameter set, the ramping time is
empirically optimized to minimize the excitation of the
quadrupole mode [e.g., from ð#z;#?Þ ¼ ð63 Hz; 408 HzÞ
to (53 Hz, 890 Hz) within 10 ms for N ¼ 1700 atoms, or to
(58 Hz, 408 Hz) within 3 ms for N ¼ 950]. The atomic
density after a certain evolution time in the harmonic trap
is obtained using standard absorption imaging with an
optical resolution of approximately 1 "m. We use a short
time of flight between 0.6 and 0.9 ms to enhance the
contrast.
In our experiment, the initial distance D ¼ 5:4 "m

between the two colliding condensates is well within the
regime where the interaction energy exceeds the kinetic
energy and thus the formation of dark solitons is expected
due to nonlinear interference. This regime is reached if D is

smaller than the critical distance D c ¼ $ð6 N@as
#zm

Þ1=3 ¼
25:8 "m with as being the s-wave scattering length, #z

the longitudinal trap frequency and m the atomic mass
[22]. The formation of dark solitons for our experimental
parameters is confirmed by 3D GPE simulations as shown
in Fig. 1. Including the optical and time resolution, the
experimentally observed density profile evolution is well
reproduced. A dominant pair of solitons oscillates close to
the center of the cloud and we can also distinguish addi-
tional pairs of solitons with much lower contrast. In the
following, we focus on the dynamics of the dominant
central pair and show that its oscillation frequency is
well described within a two soliton approximation.
We experimentally investigate the oscillation frequency

of the dominant soliton pair for different trap parameters
and different intersoliton distances. A typical data set con-
sists of 50 time steps and 10 pictures per time step. The
numerical simulations predict that the solitons do not cross
each other at the collision points [see inset of Fig. 3(c)], but
our finite resolution does not allow us to distinguish
whether this is actually the case in the experiment. In order
to extract the oscillation frequency of the solitons, we fit
the time evolution of the intersoliton distance as shown in
the inset of Fig. 2. The obtained frequency is divided by
two in order to compare it to the oscillation frequency
expected for a single trapped soliton. The shot to shot

FIG. 1. Observation of the time evolution of dark solitons in a
harmonic trap. The dominant soliton pair is indicated by arrows.
(a) Experimental observation of the dynamics of the longitudinal
atomic density. Each longitudinal density profile (vertical lines),
corresponding to a given evolution time, is deduced from typi-
cally 10 experimental realizations. The obtained absorption
images of the condensate at each time step are averaged and
integrated over their transverse direction. The number of atoms
in the shown case is N ¼ 1700 and the trapping frequencies are
ð#z;#?Þ ¼ ð53 Hz; 890 HzÞ. (b) Result of the numerical integra-
tion of the 3D GPE taking into account the full preparation
process of the solitons. (c) Same as (b), taking into account the
finite spatial (1 "m) as well as temporal resolution (1 ms) of the
experiment. The loss of contrast due to the convolution process
explains the experimentally observed fading out of the solitons
with time.
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boring solitons form with a relative phase, !, that ensures
that they interact repulsively ("=2<!< 3"=2) even
though the atomic interactions are attractive [17,18]. In
this case, the solitons do not pass through each other at the
center of the trap, but rather rebound off one another.
Consequently, as the solitons never fully overlap, the criti-
cal density for collapse is never reached and the solitons
remain stable. This conclusion is supported by simulations
of our experiment based on a numerical integration of the
3D GPE, which show that multiple solitons are only stable
provided they interact repulsively [15]. Similar results
were observed for the soliton trains created in the 7Li
experiments [12].

The number of solitons that forms depends both on the
initial number of condensate atoms and the magnitude of
acollapse. In Figs. 3(b) and 3(c) we present images and cross
sections showing two and three solitons, respectively.
These images were acquired with tevolve ! 200 ms, when
the axial width was a maximum and the solitons were
maximally separated. For comparison, Fig. 3(a) shows a
remnant condensate for which Nremnant <Ncritical. Under
these conditions the remnant was never observed to sepa-
rate into two or more solitons. We have observed up to six
solitons form [Fig. 3(d)]. However, the quality of the
images was significantly reduced when more than three
solitons formed because the spacing between solitons be-
came comparable to the imaging resolution limit. In
Fig. 3(c) the three solitons contain approximately the

same number of atoms. This was not always the case,
however, and we often observed an unequal yet (usually)
symmetric population distribution across the solitons.

In Fig. 4 we examine in more detail the conditions under
which multiple solitons form. For a fixed initial number
of atoms in the condensate (N0 " 8000), the number of
solitons created was investigated as a function of acollapse.
The images were again acquired with tevolve ! 200 ms.
In Fig. 4(a) the modal number of solitons is plotted.
The data show a gradual increase in the number of solitons
as the magnitude of acollapse increases. The ratio
Nremnant=Ncritical for the same N0 is also plotted in
Fig. 4(a). This ratio exhibits the same trend as a function
of acollapse as the observed number of solitons. Most im-
portantly, it never exceeds the number of solitons. From
this observation we deduce that the number of atoms in
each soliton is always less than or equal to Ncritical. Each
soliton is therefore stable against collapse, explaining the
unexpected stability of remnant condensates for which
Nremnant >Ncritical. This point is emphasized in Fig. 4(b)
where the ratio Nremnant=Ncritical is plotted against the ob-
served mean number of solitons. All the points lie on or
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FIG. 3 (color online). Images and cross sections of remnant
condensates. (a) When the magnitude of acollapse is sufficiently
small a single remnant condensate containing less than the criti-
cal number is observed to survive the collapse. When the magni-
tude of acollapse is larger and/or larger initial condensates are
used, the remnant condensate is observed to split into a number
of solitons determined by the conditions of the collapse (b)–(d).
Each image is 77# 129 #m.
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FIG. 2 (color online). Observation of solitons oscillating in the
magnetic trap following the collapse at acollapse ! $11:4a0 of
condensates initially containing approximately 8000 atoms.
(a) The evolution of the axial (horizontal) FWHM of the remnant
condensate obtained from a single Gaussian fit to the images.
Above the resolution limit of the imaging system, the remnant
condensate is observed to separate into two solitons as shown in
the images taken at (b) 210 ms, (c) 1140 ms, and (d) 3110 ms.
Each image is 77# 129 #m. The error bars represent the
statistical spread in the data only.
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depletion, which twists near the vortex core due to the
phase gradient, in qualitative agreement with the exper-
imental data in Figs. 1(a)–1(b). The width of the depletion
region in the simulation is larger, since the chemical
potential is about 1=3 of the experimental one and the
corresponding value of the healing length of the condensate
is larger [29]. We notice that the solitonic plane twists
during the expansion, but the twist displacement saturates
when the mean-field interaction lowers and the expansion
proceeds in a ballistic way. We tested this mechanism also
by comparing simulations in two and three dimensions and
seeing that in two dimensions the twist is more pronounced
and lasts longer [16]. This is consistent with the fact that in
three dimensions the density decreases faster than in two
dimensions as it expands also in the third dimension, and,
hence, the system enters the ballistic regime earlier.
In order to prove the quantized vorticity of the observed

defects, we implement a matter wave interferometer
[20,30,31] [see Fig. 3(a)]. The presence of vorticity appears
as a dislocation in the fringe pattern in a heterodyne
interferometer [31], while in the case of homodyne detec-
tion a single vortex gives rise to a pair of dislocations with
opposite orientations [20]. Our interferometer is based on
homodyne detection: the original condensate is coherently
split in two clouds using coherent Bragg pulses as in [32].
Two off-resonant laser beams, whose relative detuning is
set by acousto-optics modulators, impinge on atoms with a
relative angle of about 110°. They propagate in the xz plane
and are both linearly polarized along y. An optimal
detuning of 67 kHz is needed to excite the first-order

Bragg process. Half population transfer (π=2 pulse) is
obtained with an intensity of 12 mW=cm2 on each beam
and a pulse duration of 8 μs. The interferometer is an open-
type ðπ=2 − π=2Þ one. A first Bragg pulse coherently splits
the initial wave function in two, creating a traveling copy
along the direction of the exchanged momentum. The first
pulse is applied at t1 ¼ 20 ms after the release from the
trap. In-trap atomic density is too high and interaction
effects between the copies would dominate in the case of
smaller t1. The second Bragg pulse is applied t2 ¼ 1.5 ms
after the first one, when the two copies of the condensate
are separated by d ≈ 72 μm. After the second pulse four
equally populated copies of the original wave function are
present, two of them are at rest, whereas the others travel at
the Bragg velocity (4.8 cm=s). We image the resulting
atomic distribution after t3 ¼ 98.5 ms, corresponding to a
total expansion time tTOF ¼ 120 ms. Copies with different
velocities become well separated in space, while those with
the same velocity spatially overlap and show interference
patterns in the density profile. The fringe spacing is given
by λ ¼ ht3=md ≈ 25 μm. Figures 3(b)–3(c) show the two
outputs of the Bragg interferometer obtained in the pres-
ence of a solitonic vortex with clockwise circulation. The
hollow vortex core and the associated twist is best visible in
output A. In correspondence to the vortex core a dislocation
in the interferometric fringes appears [see enlargement in
Figs. 3(d)–3(e)] together with its opposite counterpart,
shifted towards the bottom right because of the momentum
transfer given by the geometrical Bragg beam setting. In
Fig. 3(f) a 2D numerical calculation is reported for
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(g) (h) (i)

(j)

(k)

(e)

(f)

FIG. 3 (color online). (a) Time sequence for the two-pulse Bragg interferometer. After t1 from the atoms release a first π=2 Bragg pulse
splits the condensate in two parts, one at rest and the other moving at the Bragg velocity. After t2 a second pulse further splits each
condensate and imaging after a long t3 allows for the separation of the two outputs and for the creation of the interference pattern.
(b)–(c) Experimental images of the two interferometer outputs in the presence of a vortex with clockwise circulation. (d) Enlargement on
the interference pattern showing the dislocation-antidislocation pair and a guide to the eye (e) sketching the interference pattern. (f) 2D
numerical simulation of the experiment. (g)–(k) The same, but for an antivortex with counterclockwise circulation.
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Figure 1 | Soliton oscillations. a, An absorption image after a 19.3 ms TOF of an elon-
gated condensate without a soliton and a longitudinal density distribution obtained by
averaging over the remaining transverse direction. b, An absorption image and 1-D dis-
tribution at time t = 0.942 s with a soliton with ⇡ 30% imaged contrast. c, A subset of the
data where each 1-D distribution is a unique realization of the experiment plotted versus
time t. d, The axial position zi of the soliton (light pink) versus time t for different realiza-
tions of the experiment. We repeated each measurement 8 times. Dashed lines represent
the edges of the elongated condensate. The dark markers represent the average soliton
position hzii at each time t.
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FIG. 1. (Color online) (a) Cascade of solitonic excitations in a unitary Fermi superfluid following the phase imprint. A planar
soliton snakes and decays into a vortex ring. Shown are images of the density distribution in the central slice of the superfluid,
after rapid ramp and time of flight, for the first 20ms after the imprint. The imprint also generates two sound waves propagating
towards the edges. (b) Time-series of the central slice up to t = 100ms, cropped to the region around z = 0.

using a balanced mixture of the two lowest hyperfine
states of 6Li (|1i and |2i) at a Feshbach resonance [23].
Our atomic clouds contain ⇠ 7⇥105 atoms per spin state
confined in an elongated trap, combining a tight radial
optical potential (in the x-y plane) and a shallower ax-
ial magnetic potential (along the z axis). The axial and
radial trapping frequencies are !z/2⇡ = 10.87(1)Hz and
!?/2⇡ = 69(6)Hz, respectively. The axial and radial
Thomas-Fermi radii of the cloud are Rz = 326(2)µm
and R? = 54(2)µm, and correspond to a chemical po-
tential at the center of the cloud of µ = h⇥ 3.7(1) kHz =
54(4) ~!?. The gas is thus deep in the three-dimensional
regime. Gravity slightly weakens the trapping potential
along the vertical y-direction (see [24]). Phase imprinting
is realized as in Refs. [22, 25–28], whereby one half of the
superfluid is exposed to a blue-detuned laser beam for
a time su�cient to advance the phase by approximately
⇡. These experimental parameters are similar to those
of previous works [22, 28], where a single solitonic vor-
tex was detected and observed to undergo a determin-
istic precessional motion for several seconds. Here, we
study the evolution of the excitations at early times fol-
lowing the phase imprint. To probe such dynamics, we
employ the detection scheme introduced in [22], which
combines the so-called rapid ramp technique and tomo-
graphic imaging [24]. The rapid ramp converts the spa-
tial variations of the order parameter �(r) of the fermion
pair superfluid into resolvable density variations of a Bose
gas of molecules [28–30]. It is a powerful tool for the
study of phase defects in atomic Fermi gases, as the
presence of any phase singularity manifests itself as a
strong density depletion. In our experimental sequence,
the rapid ramp is performed at a variable wait time t
following the imprint. We then slice a thin layer of the

atomic cloud at a chosen y position, and destructively
probe its density distribution via absorption imaging.

Fig. 1a shows a time sequence of images recorded in the
first 20ms after the phase imprint, which correspond to
the density distribution at the central slice (near y = 0)
of the superfluid. At the location of the imprinted phase
jump (z = 0), a slow and straight dark soliton emerges
and subsequently undergoes a snaking motion, seeding
the puncture of the nodal surface. The broken soliton
evolves into a vortex ring structure, visible in the cen-
tral slice as a pair of nodal points. Fig. 1b presents
a zoomed-in view of the soliton’s time evolution up to
100ms after the imprint. Simultaneous with the soli-
ton’s core dynamics, two wavefronts quickly propagate
to the edges of the cloud, which we identify as sound
waves. The upper and lower sound wavefronts are found
to propagate at speeds of 13.1(4)mm/s and 13.1(8)mm/s
respectively, which coincide with the speed of sound of
12.9(1)mm/s estimated from the peak density using the
relation cs =

p
⇠B/3vF, where ⇠B = 0.37 is the Bertsch

parameter [31] and vF the Fermi velocity [32]. The appar-
ent large amplitude of these sound waves is a consequence
of the rapid-ramp [24].

The dynamics is analyzed in detail in Fig. 2, show-
ing residuals of the central slice as a function of time,
along the axial cut at x = 0 (Fig. 2b) and along its
outer edge near x = R? (Fig. 2c). The di↵erent char-
acteristic speeds of the various waves generated after the
phase imprint are apparent. One recognizes the two ini-
tially created sound waves following linear trajectories
with opposite slopes, while the dark soliton remains near
z = 0 with negligible velocity. A second set of shallower
sound waves is emitted about ⇠ 5ms after the initial
sound wavefronts, forming all together a pattern of hy-

3

played in Fig. 1 e), demonstrating the soliton to be stable
for more than 4 s or 100 000 times the microscopic time
scale ~/EF . This establishes that solitons in fermionic
superfluids can exist as stable and long-lived excitations.

The solitons are observed to undergo oscillations in
the harmonically trapped superfluid, demonstrating their
emergent particle nature. However, their period of oscil-
lation Ts is about one order of magnitude longer than the
trapping period Tz for single atoms. This directly indi-
cates an extreme enhancement of their e↵ective mass M⇤

relative to their bare mass M = Nsm < 0, where |Ns|
is the number of atoms missing in the soliton. Indeed,
the soliton mass times acceleration M⇤!2

sz for periodic
motion with frequency !s must be provided by the trap-
ping force experienced by the missing atoms at position
z, Nsm!2

zz. This yields a direct relation [12] between the
relative e↵ective mass M⇤/M and the normalised soliton
period Ts/Tz:

M⇤

M
=

✓
Ts

Tz

◆2

(2)

In general, the di↵erence between the e↵ective mass M⇤

and the bare mass M of the soliton arises from the phase
slip �� across the soliton, which implies a superfluid
backflow [12]. For the soliton to move, an entire sheet
of atoms thus has to flow past it. The di↵erence M�M⇤

is the mass of that sheet, given by the mass density mul-
tiplied by the entire soliton volume. In contrast, the soli-
ton’s bare mass M is only due to the mass deficit of |Ns|
atoms and can become much smaller than M⇤ when the
soliton is filled. For weakly interacting BECs, where soli-
tons are devoid of particles, the e↵ective mass is still on
the same order of the bare mass, (M⇤/M)BEC = 2. This
leads to an oscillation period that is only

p
2 times longer

than Tz [25, 26, 30, 31]. In the BCS limit, where only a
minute fraction �0/EF of the gas contributes to Cooper

pairing, |Ns| / �0/EF / e�
⇡

2kF |a| and thus the soliton’s
relative e↵ective mass can be expected to become expo-
nentially large.

Indeed, as shown in Fig. 2, we find that the soliton
period, and hence the relative e↵ective mass, increases
dramatically as the interactions are tuned from the limit
of Bose-Einstein condensation (Fig. 2a) towards the BCS
limit. At 700G, where 1/kFa = 2.6(2), the system rep-
resents a strongly interacting Bose gas of molecules [10].
The soliton period is Ts = 4.4(5)Tz, already three times
longer than in the case of a weakly interacting BEC. At
the Feshbach resonance (Fig. 2d), we measure a soliton
period of Ts = 14(2)Tz, corresponding to a relative e↵ec-
tive mass of M⇤/M = 200(50). This is more than fifty
times larger than the result of mean field Bogoliubov-
de Gennes theory in three dimensions [12, 20] that pre-
dicts M⇤/M = 3. Note that the superfluid is fully
three-dimensional: on resonance, the chemical potential
µ ⇡ 25~!?, where !? is the radial trapping frequency.
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FIG. 2. Soliton oscillations in the BEC-BCS crossover.

Shown are soliton oscillations in a trapped fermionic super-
fluid for various magnetic fields B around the Feshbach reso-
nance. The soliton period is observed to dramatically increase
as the system is tuned from the BEC regime (a) to the Fes-
hbach resonance (d). The measured period, magnetic field
B and interaction parameter at the cloud center 1/kF a were
(a) Ts/Tz = 4.4(5), 700G, 2.6(2) (b) Ts/Tz = 7.5(9), 760G,
1.4(1) (c) Ts/Tz = 12(2), 815G, 0.30(2) (d) Ts/Tz = 14(2),
832G and 0. The initial atom number per spin state, its decay
rate and Thomas-Fermi radius range from N0 = 1.1⇥105, ⌧ =
1.2(2) s and RTF = 135µm at B = 700G to N0 = 2.3 ⇥ 105,
⌧ = 12(1) s and RTF = 200µm on resonance. The aspect
ratio is � = 6.2(7). Note that at B = 700G, the superfluid is
short lived due to enhanced three-body loss. At 760G (b), the
soliton survived for more than 6 s, comparable to the lifetime
of the superfluid at that field.

Still, for very elongated traps, one expects to reach a
universal quasi-1D regime where the tight radial confine-
ment is irrelevant for propagation along the long axis [32].
This prompted us to study the dependence of the soliton
period on the aspect ratio of our trap.

Figure 3 summarizes our measurements for the soliton
period and the relative e↵ective mass as a function of
the interaction parameter 1/kFa throughout the BEC-
BCS crossover, for aspect ratios � = 3.3, 6.2 and 15.
The strong increase of M⇤/M towards the BCS regime
is observed for all trap geometries. The normalised soli-
ton period Ts/Tz appears to converge to a limiting value
for the most elongated trap: The normalised period
changes by only 15% as the aspect ratio is increased by
more than a factor of two from 6.2 to 15. This indi-
cates that the soliton dynamics approach the universal
quasi-1D limit. Even in a much less elongated trap with

Zwierlein 2013, 2014, 2016
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Solitons in experiments:



Why study collective modes of solitons
- Understanding emergent nonlinear structures
- Understanding far-from-equilibrium properties of superfluids

- Collective modes are cool and characterize system dynamics

(e.g., soliton trains are generated in phase transitions)



Collective excitations of a superfluid
- Fluctuations about a stationary solution 

  Decompose fluctuations into Fourier components

: collective-mode spectrum



Collective excitations of a superfluid
- Fluctuations about a stationary solution 

  Decompose fluctuations into Fourier components

: collective-mode spectrum

only one branch of
collective modes

(e.g., sound waves)

In general,

: collective-mode spectrum
with multiple branches
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Collective modes of a uniform superfluid
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gapless branch (phase oscillates)

gapped branch
(amplitude oscillates)

Collective-mode spectrum
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Collective modes of a soliton train
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Collective modes of a soliton train

Gauge symmetry (phase rotation)

Translational symmetry
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Collective-mode spectrum

Two Goldstone modes
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Collective modes of a soliton train
Collective-mode spectrum

0 1 2 3 4

uniform superfluid
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Analog of “Higgs” mode
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Collective modes of a soliton train
Collective-mode spectrum
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Two new gapped degenerate modes!

Look for in experiment!



Creating soliton in experiments
Phase imprinting:
- cool atoms in elongated trap

(forms uniform superfluid)

- shine off-resonant laser on
one half of the superfluid
(rotates phase by    )

phase rotated
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Creating soliton in experiments
Phase imprinting:
- cool atoms in elongated trap

(forms uniform superfluid)

- shine off-resonant laser on
one half of the superfluid
(rotates phase by    )

Soliton oscillation observed in
Nature 499, 426 (2013)

phase rotated
bysoliton



Creating soliton train in experiments

- Phase imprint multiple solitons by shining laser on alternate regions

phase rotated by



Instability
Collective-mode spectrum:

Problem: soliton train has instability!

0 1 2 3 4

solitons approach and annihilate each other



Instability
Collective-mode spectrum:

Problem: soliton train has instability!

0 1 2 3 4

Resolution: control instability rate by varying 
soliton spacing or interaction strength
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Bonus: create stable FFLO
Introducing unpaired fermions also reduces instability:
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0 1
unpaired fermions per soliton

Instability vanishes for 1 unpaired fermion per soliton
— an example of a partially polarized superfluid (FFLO),

one can engineer stable FFLO in Fermi-gas experiments!

long-sought-after in condensed matter physics



Summary
Soliton trains have a rich set of collective modes!

Shovan Dutta, Erich Mueller

Thank You!

�

x

x
Re�

Im�

�

x

“Higgs” mode

Re�

Im�

x

“phonon” mode

x

�

“elastic” mode

Instability

Novel “core” modes —
probe in experiments
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stabilize by adding

unpaired fermions
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