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I. Derivation of the partitioned Hamiltonian

We consider the Hamiltonian in Eq. (1) of the main text, H = fOL dz [I@(x) +U(z) + 75(32)}, where

Ko =5 (57'@) (50@) . (s1)

A g ~ S

Uz) =35 (@) (@) d(2) () , (52)

P(x) = V(z) P! () () (S3)
denote the kinetic, interaction, and potential energy densities, respectively. We divide the x axis into M continuous

segments with boundaries at {X;}. Since the wave function is everywhere finite, the interaction and potential energies

reduce to sums over the individual segments, U= > j Uj and P = > j [:’j, where

U; = /Xj dzU(z), and P;= /Xj dz P(z) . (S4)

X; 1 Xj 1
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However, the kinetic energy K will diverge if 1/3(:5) has a discontinuity across any of the boundaries, which gives rise
to additional terms in the Hamiltonian. To see this, we write 1&(96) close to the boundary at X; as

P(z) = [1 - 0(z — X;)] < (@) + 0(x — X;) ¥ (x) (S5)

where 6 is the unit step function and z/;<(>)(x) denotes the part of 1 to the left (right) of X;. Thus, one obtains

() = e = ) [ (o) = )] + 1= 00 = Xp] (5020)) 406 - ) (@) 60

where § is the Dirac delta function. Substituting this expression into Eq. (S1) and using the sifting property of the
delta function yield the following contribution to K from the boundary,

dr K = A [D0X) = b)) [B(XF) — (X))

#5106 - 9] [ =) (1905 ) +00 (526060 | +he. 57

where 1ZJ(X]+) =1 (X;), zZAJ(X]_) =1 (X;), 6o :==0(0), and A = 6(0)/2 is a formally divergent energy penalty that
ensures the wave function is continuous, i.e., @(X;r) = 1[}(X i ). For the numerics, we treat A as a phenomenological
parameter. As A is increased, the discontinuity in the wave function falls off as 1/A, and so does the second line of
Eq. (S7). In fact, these other terms do not impose any constraint on the wave function, and we find they also do not
alter the numerical convergence to the ground state. Thus, one can drop these without affecting physical predictions,

which gives K = Zj Kj + ATMH, where
X, R X . X . A
Kj = /X dr K(z), and T, = [$X) - 0] [DOGH - d(X))] - (S8)

Thus, we arrive at the partitioned Hamiltonian H = Ej Kj + Uj + I:’j + A'Yj,j_H.

II. Basis functions and local operators

As explained in the main text, each segment j is spanned by multiple n-body basis functions ¢SL(F), with 7 =
{z1,29,..., 2y}, which leads to a matrix representation of the local operators. Here we show how to compute these
matrix elements in terms of monomial integrals. We also show how to include the cusp constraint which arises from

contact interactions.

A. Characterization in terms of monomials

Given an n-particle basis function (;S;j )k(r_'), the many-body state may be expressed as

i X ; AT:cl ATZ’Q...ATwn
|¢>53,L>:/X_ avr ol () LY (\/% ) iy (89)

where |0) is the vacuum, and the integration limits denote that all coordinates lie in the interval [X;_1, X;]. As we
are dealing with bosons, the wave function (;SEIJ )k(f') is symmetric under exchange of any two coordinates, and the field

operators satisfy the commutation [¢)(z), T (2/)] = 6(z —z'). The inner product vanishes between states with unequal



numbers of particles, while
@) |(0) o e 4 )
W) = [ a0 o) (s10)
j—1

For the basis to be orthogonal, (S10) must vanish for k& # k’. It is convenient to rescale the coordinates so that the

interval runs from 0 to 1,

1 N (T —Ri
O (F) = T X%( — ) : (S11)
w; j
where w; = X; — X;_; and ﬁj_l is the coordinate 1 = x5 = --- = x,, = X;_1. Then Eq. (S10) becomes
(6|0 ) = / a"r X7 ()X (7) (S12)

so the basis will be orthonormal provided X(] ) are orthonormal over the interval [0, 1]™.

(J) (

One can always write x,; (7) as a sum over symmetrized monomials p(7) whose variation in the “canonical” sector

Sp: 0<z; <a9<---<x,<1 (S13)

is given by p(7) = z{*28* ... 2P where p; are nonnegative integers. In this sector,

(7)) = Z AY) () (S14)

with expansion coefficients Aff)k - which characterize the basis. In numerical calculations, one has to restrict to a
finite basis by constraining p := {p1,pa,...,pn}. For example, the number of monomials of degree >~ | p; = d grows
as (d+371), and we find it convenient to only retain states with d < dy.x. The monomials are not orthogonal, but

their inner product (p|q) = n! Z(p + q) has a simple form

n

1 Tn T2 1
) :/Od:rn/o dxn,1~~~/0 day ot ab? . abr = H —_— - (S15)

w1 T Y P

As explained in Sec. ITC, a convenient way to construct our orthonormal basis is to take the states to be eigenvectors
of a Hermitian operator. When expressed in terms of the non-orthogonal monomials, this involves solving a general-
ized eignevalue problem. Physical constraints, such as the cusp condition arising from short-range interactions, are

incorporated by correctly choosing the Hermitian operator.

B. Matrix elements of local operators
1.  Field operator

The action of the field operator 1&( ) on the basis states in Eq. (SQ) can be found by using Bose commutation and
the symmetry of qbgf;c( 7) under particle exchange, which gives, for X;_; <z < X,

) X; . ot 1 Bt Ta)... pt Tp—1
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The right-hand side describes a state of n — 1 particles with the (unnormalized) wave function /n ¢£Lj3€(957 7) — which
is simply the original wave function with one of the positions set to x. Because of the Bose symmetry, it does not

matter which particle is selected.

The nonzero matrix elements of ¢(z) are given by [using Eqs. (S10) and (S11)]

. . 1
(0 il D) o)1) = vn / " o0 () 6 () = | [ / e O @ ), (S17)
J J0

(J)

where & = (z — X;_1)/w;. As x,’; are linear combinations of symmetrized monomials [Eq. (S14)], it suffices to

evaluate this integral for any two buch monomials; i.e.,

) = Vi [ 07 bl ). (519

where p = {p1,p2,...,Pn-1}, 4 = {q1,¢2,...,¢n}. Using exchange symmetry, one can write ¢p q(Z) = /n(n —
fs an- Ly p(7) q(&, 7) over the canonical sector S,,_1 [Eq. (S13)]. In this sector, p(7) = 2} 25* ... 2?" " but the

expression for q(Z,7) depends on the ordering of Z relative to the other coordinates. For z — 07 (i.e., z — Xj_l)7

q(z,7) = 21 aPrd® .. xl,, whereas for 7 — 17 (z — X)), ¢(&,7) = 2{' 2P ... 2" 7% Thus, using Eq (S15),
Up,q(0) =64 0vVn (n— D Z({p1 +q2,p2+ a3, -, Pn-1 + @n}) , (S19)
Ypa(1)=vn(n—)Z({p1+q,p2+ a2, Pn-1+an-1}) - (520)

For intermediate values of &, the integral can be split into domains where 1 < -+ <z, 1 < T < @py1 <+ < Ty

forn’ =1,2,...,n, which gives
Vp.q(E) =v/n (n—1)! Z L ({pr+ a1+ @1 13) Lo (T, {pw + @1, - Pa1 + dn}) (S21)
n’=1
where
T Ty T2
Z({p1,.--,pn}, @) = dxn/ dz,_1-- / dzy o ah? .. 2k = £"+Zi:1piI({p1, o Pal) (522)
0 0

1
dz,,

IT(JE, {ph...,pn}) :

I

da:n,l-n/ day o' ab? . abn
&

(1) Zi({pipi-1--- 21}, &) Z({pis1:Piv2s-- - Pn}) (S23)
—0

~.

and Z;({}, 2) = 1. Note that Z;(p, 1) = Z,(0,p) = Z(p). Equation (S21) gives ¢p q(Z) as a polynomial in & of degree
n—14+gq, + ZZ 1 Pi + ¢;. In numerical simulations, we store these polynomial coeflicients.

2. Density and potential energy

A similar construction applies for the density j(z) = ¢ (2)i)(z). Using Eq. (S16), one finds the matrix elements

, X
= [ 0 o o) = I [0 G )
1 J

Jj—

<¢£le p(x)



for X;_1 <2 < Xj. As before, the integral needs to be calculated only for symmetrized monomials,

ppal®) =1 /0 4 p(@, ) gl 7). (525)

where p = {p1,p2,...,pn} and q = {¢1,¢2, ..., gn}. Using exchange symmetry, pp (%) = n! fs 71d”*1r p(z,7) q(z,7)
where S,, denotes the canonical ordering [Eq. (S13)]. At the boundaries & — 0" and & — 17, both p(z,7) and q(Z, 7
reduce to single monomials, yielding [as in Egs. (S19) and (520)]

pp,q(O) = Op14+4¢1,0 n! I({p2 +q2,p3+4q3,...,Pn + Qn}) 5 (826)

Pp.a(l) =1 Z({p1 +q1,p2 + G2, -, Pu—1 + Gu-1}) - (S27)

For intermediate x, we split the integral into subdomains 1 < -+ <z < T < x4 < --- < -1, Obtaining

pp,q(j) =nl Z ‘%p"/Jrqn/Il({pl+q17~"7pn’ 1+ qn— 1}7 ) ( {pn +1+Qn +1;---apn+Qn}) ) (828)
n’'=1

where Z; and Z, are given by Eqs. (S22) and (S23). Again, pp (%) is a polynomial in Z of degree n —1+ """ | p; +q;,
and we store the coeflicients.

The matrix elements of the potential energy P; = [ ;(( _jildx V(z) p(z) can be obtained from those of the density in

Eq. (S24). In particular, for two symmetrized monomials, one calculates

1
V) = / A5 V(X1 + ;7 pp.q(d) , (529)

which reduces to computing moments of V(x), since pp () is a polynomial in &. For a sinusoidal potential V(z) =

Vy cos? kx, these moments can be found exactly using

/0 di 7P 1e T = (i/R)P Ty (p, —iR) (S30)

Vp > 1, where T'y(p, z) is the lower incomplete gamma function [S1].

3. Kinetic energy

The kinetic energy within the j-th segment is given by K; = (1/2) f;f’ dz: [0,01 ()] [0 (x)]. To find its matrix
ji—1
elements, we use Eq. (S16) and the exchange symmetry of the basis functions, obtaining

1 X S (e 1 .
(O K loh) =5 /X " Vo (7.6 (7) = 5.3 /0 d"r xS (- 9x (7). (s31)
J

j—1

(J) (

Replacing x,; . (7) with a symmetrized monomial [Eq. (S14)], we only need to evaluate

Kp, / d"r Vp(7).Vq(7 / d"r Vp(7).Vq(7) , (S32)



where P= {p17p27 “ee upn} and q= {q17 qoy ..., Qn} In sector Sn7 a:rzp(F) = pix?i_l Hl/?“ xf,i/ : ThUS7 Eq (815) ylelds
K n! w— 7(3 i _9 533
Pa= ; pigi Z(incr(p + q,i,—2)) , (833)

where incr(p,i,s) = {p1,...,Di—1,0i + S, Dit1,-.-,Pn}, i.€., it increments the i-th element by s. Note that one can
also extract matrix elements of the kinetic energy density K(z) in Eq. (S1) using the procedure in Sec. IIB2.

4. Interaction energy

For the interaction energy Uj in Eq. (S4), we again use the action of the field operator in Eq. (S16) to obtain

v —g( >/ da:/ a2 0 (@, 2,7) 9 (2,2, 7) (S34)

X .
:g/ Ay b — i) U7 (7) #9) (7) = - /d” S 8@ — o) Xr A A (7). (835)

Xi-1 i<’ i<i’

Therefore, constructing the matrix for U ; boils down to evaluating

Uba /d" > 3w —20) P() @ /d" Za zi — 1) p(7) () (836)

i<i’

for symmetrized monomials p = {p1,p2,...,pn} and q = {q1,q2,...,qn}. Note, in sector S, 1 < 29 < -+ < Xy, SO
we have the delta function only between neighboring coordinates z; and z; 1. Substituting the monomial expressions
for p(7) and q(7), and using Eq. (S15), we find

n—1

Upa=+ » I(merge(p+q,i)), (S37)

i=1

where merge(p,?) == {p1,...,Di—1,Di + Pit+1,Pi+2, - - -y Pn }, 1.€., it merges the i- and ¢ + 1-th elements. As with I@(x),
the matrix elements of the interaction energy density u (z) in Eq. (S2) can be obtained using the method in Sec. IIB 2.

C. Basis construction for contact interactions

The ideal choice of basis functions, X(] ) (

7), would have three properties: (i) A small number of these states should
accurately approximate the low-energy eigenstates of the Hamiltonian, (ii) these states should smoothly connect to
the wave functions in neighboring sectors, and (iii) they should be orthogonal to one another. The latter can be
ensured by taking them to be eigenstates of a Hermitian operator — and choosing the basis is equivalent to choosing
the operator.

Insight into the choice of operator comes from the one-particle sector, where selecting the basis functions is related
to deciding on a functional form for splines which will be used to piecewise describe the ground state of the Schrédinger
equation. In that case, one might naively choose the single-particle basis functions on [0, 1] to be solutions to Laplace’s
equation, 97 x = Ax. Depending on boundary conditions, x = cos(mkz1) with k = 0,1,... or x = sin(rka) with
k=1,2,.... Neither set of states is amenable to continuously connecting across segments — as either the basis function
or its derivative vanishes at the boundaries. The solution is to modify the operator so that ;1 = 0 and x; = 1 are

regular singular points; for example choosing them to be solutions to Legendre’s equation: Oy, [21(1 — 21)0,X] = Ax.



The solutions are Legendre polynomials Py (2z; — 1) [S1], and the resulting wave function expansion amounts to using
polynomial splines. Colloquially, one imagines that the factor x1(1 —x1) “absorbs” the boundary conditions, allowing
basis functions to have both nonzero amplitude and slope at the segment boundaries. An equivalent construction of
the Legendre polynomials is to perform a Gram-Schmidt orthogonalization on the monomials {1, xq,22,... 2}}.

In our problem the many-body wave function has a kink whenever two particles coincide. Thus, the expansion will
perform better if the basis functions also have this kink, motivating the modified Legendre equation,

1 g 0
52 [0 =20 o )] s Tl - w0 - ) A =D (39)

i=1 <3’

where ¢; gives the slope discontinuity, 0, X; 39(5'31 — 2) — Oy, X;]L(:cl — ;) =cj XSL(Q% = x;r). As the coordinates

of x are stretched by a factor of w; relative to the physical coordinates [Eq. (S11)], we require ¢; = w;g. For uniform
segments, w; = constant, thus ¢; and ng)k do not depend on j.

We expand Eq. (S38) on the (non-orthogonal) symmetrized monomials. Defining

Rel(] = —3 3 o [m - 1) 5 X0 (839)

1=

= Z (1 — ;) 6(x; — xy) x(F) (S40)

i<’

and their sum H W) — =K £+ U r, the matrix elements are

(p|K

)= [ S 00 0] 0n.al)] (541)

(p|U

n—1
) = Z'/S @' 3 wi(1 = 2) 6(2i — wi41) PF A(F) - (542)
n =1

As before, p = {p1,p2,---,0n}, 4 = {q1,92,-.-,qn}, and S,, stands for the canonical ordering in Eq. (S13). Substi-

tuting p(7) = 2 2b? .. 2P and q(F) = 2{' 22 ... 22", we find, similar to Secs. IIB3 and I1B4,

(pliela) = 3 p[ Zsner(p+a6-1) ~ 2o+ )] (s8)
(p j ’q> = %' "il [I(incr(merge(p +4q,i),1, 1)) —I(incr(merge(p +q, i),i,2))} , (S44)

i=1

where Z(p) is given by Eq. (S15). These expressions reduce Eq. (S38) to a generalized eigenvalue problem H ; G )An b =
Eflj,)c Oy, Aff )k, where A(J )k are the expansion coefficients of Xn)k in terms of the monomials [Eq. (S14)] and On is the
matrix of inner products between the monomials, given by (p|q) = n! Z(p 4+ q). The energy spectrum 5 k provides
a natural ordering of the basis states, which can be truncated at high energies. Although one is solving a many-body
problem in generating the basis, the complexity is greatly reduced compared to the original problem, as the number

of monomials is limited if the number of particles in a segment, n, is sufficiently small.

III. Single-particle correlations

Here we illustrate the extraction of observables by showing how one can compute the single-particle correlations,

how these converge to the continuum limit, and how one recovers expected power laws in the momentum distribution.



A. Extraction as piecewise polynomial

Following Secs. IT A and IIB 1 one can express the matrix elements of the field operator in the i-th segment as

(z) R ( B Pmax ip Tz — Xi_l p
<¢n,k| w |¢ / k’> = Z \Ilnk,n’k’ T s (845)
p=0 v

where pmax = 2dmax + Mmax — 1. Thus, 1&(96) can be represented by operators UiP with matrix elements \P%,n’ o We
compute the correlator C’;:Z = <\i/i’pT 2 '7) using efficient tensor contractions to obtain the single-particle correlations

Pmax p / . q
(@' (x) = C”’( - 7 1) (w _X“> 7 (S46)

w.
p,q=0 7

when z and 2’ belong to the i-th and j-th segments, respectively. Figure S1 shows how the diagonal and anti-diagonal
correlations differ between Mott and superfluid ground states in a shallow potential.
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FIG. S1. (a) Density and (b) correlations in Mott-insulating (v = 20) and superfluid (y = 2) ground states of 10 bosons in 10
wells with Vo /E, = 1, modeled with 20 segments and quartic basis functions, corresponding to Figs. 4(c,d) in the main text.

B. Scaling of error

In Fig. 3(a) of the main text we showed that the error in the ground-state energy falls off as M ~2@max for cDMRG,
as opposed to M2 for grid-based discretization. Since the DMRG sweeps have the same dependence on M in both
methods, it follows that cDMRG is more efficient for more accurate calculations [Fig. 3(b)]. Here we show that this
conclusion also holds for the single-particle correlations. We compare ground states for the Tonks gas (7 — o0) in a
box trap (Vp = 0), for which the correlations are known exactly [S2].

In this limit the cusp in the cDMRG basis functions is replaced by the condition that they must vanish whenever two
particles coincide. Thus, we solve the modified Legendre equation K, X(] ) = ff ,)C nggc projected onto the nullspace (or
lowest-energy subspace) of Uz [Eqgs. (S41) and (S42)], effectively generating free-fermion basis functions. Conversely,
for discretization one deals with hard-core bosons, limiting the on-site occupations to {0, 1}.

We evaluate the accuracy of the off-diagonal correlations (4 (2)¢)(L — z)), shown in Fig. 2(d) and Fig. S1(b). We

consider an integral measure of the error e(x) := (T (2)ih(L — x)) — (YT (2))(L — &))exact, given by

/ L
Ecorr 1= %/0 dzx |e(z)]? . (S47)

For discretization we replace the integral by a weighted sum over the grid points. Figure S2(a) shows that .o, falls
off as M~ (@maxt1) for cDMRG: This is expected since we are able to approximate spatial variations of order dpay in

each segment. For discretization eorr scales as M 2 since dmay is effectively 1. Thus, one can accelerate convergence



by increasing dmayx, although e¢q,, decays slower than the energy error for dp.x > 1. In addition, the curves for N =5
and N = 10 in Fig. S2(a) roughly coincide if M is rescaled by N, which suggests the scaling ecorr ~ (IN/M )dmax+1,

(R Tt 0 N
|:|~ O, ° N — 10 10 10 (C)
10—2 L \EL “0‘ s N=5 7 v
AN ‘o ) V
) ‘oo e 10 AT
ms 103k “n~ oxo s 10 %/E,. =10 v _’\',\V\J\v .
‘n o 8 Vo/Er =1 L
v "
104t (a) o4 0 , — W/E, =01 ) \
-----1-01 ”1I02 -----1-03 S o I T T) -
M KL /7 kL /7

FIG. S2. (a) Correlation error, defined by Eq. (S47), in the ground state of a Tonks gas (7 — o0) with Vo = 0 decaying roughly
as (N/M)(dmaxt1) for cDMRG with dimax = 3 (solid lines) and as (N/M)? for grid-based discretization (dotted lines). The basis
states and DMRG parameters used are listed in Tables S6-S8. (b) Momentum distributions for Vo = 0 and N = 10 at different
interaction strengths: v = 0 and v — oo are exact results, v = 0.1 and 10 are from cDMRG with M = 10 and 20, respectively,
corresponding to Fig. 3 in the main text, and v = 1 is from cDMRG with M = 20, basis A in Table S3, and DMRG parameters
in Table S5. All curves fall off asymptotically as 1/x*. (c) n(x) for y = 0.2, N = 10, and V(z) = V; cos*(Nwz/L) from cDMRG
with the same parameters as in Fig. 4, detailed in Sec. IV. Vertical lines at multiples of 2N show locations of satellite peaks.

C. Momentum distribution

The momentum distribution is given by

) = g [ [ e @) (549)

Using the piecewise expression from Eq. (S46) we can compute the distribution as

M Ppmax P X / q
i . _ X’L‘* 7 s - Xi_
n(x) = Z 3 Cz,p/ - i (90 1) / 4y e—ie (m ; 1)
i,j=1p,q=0 Wi X1 Wi
M Pumax ip Xi—1=Xj-1) Ii(p+ 1, —ikw;) Ti(g+1,ikw;y)
= Z Z CJ:(J 27.”{2 (—imu-)?’ (imu)q ’ (849)
i,j=1p,q=0 v J

where T'; is the lower incomplete gamma function. For contact interactions one expects n(x) to fall off as k=% at large

momenta [S3]. Figure S2(b) shows that cDMRG faithfully reproduces this universal power law over several orders of
magnitude, interpolating between exact results for v = 0 and v — oo for V[j = 0. The strong modulations at weak
(2N/L)sin(ma /L) sin(wa’ /L), such that
, which vanishes for kL € {3m, 57, 7n, ...

interactions can be understood by noting that, for v = 0, (f(z)i(2’)) =
n(k) = 2NLmw(1 + coskL)/(k*L? — 7?)?
on a lattice potential V(z) =

}. Figure S2(c) shows how turning
Vo cos? (N7 /L) produces satellite peaks at kKL = 2Nnv for integer v, as the lattice
couples momenta separated by multiples of 2N7 /L. For Mott-insulating states in a deep lattice, the correlation length

becomes of the order of the lattice spacing, so the power-law tail shifts to higher momenta (large v).

IV. Parameters used in simulations

As outlined in Sec. ITC, we construct the basis by solving an eigenvalue problem, Eq. (S38), in the space of
("""i‘“‘""‘). Provided

symmetrized monomials of maximum degree dpax. The number of monomials grows as Nyon
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the segments are sufficiently narrow, or the repulsive interactions are sufficiently strong (y > 1), we retain only a
few or no basis states for larger n. Table S1 enumerates the total number of monomials and the number of basis
states we keep in a typical calculation with strong interactions. Figure S3 shows the average weight, N, 1, of each
basis function in the ground state. These are calculated by averaging over the reduced density matrices describing
individual segments, and Zn & Ny, = 1. The basis is ordered so that larger k corresponds to larger &, . The weights
fall off strongly with both n and k, justifying our truncation. The k dependence is well approximated by a power law,

and roughly the same power law is seen for each n.

TABLE S1. Number of monomials and basis states ]\_fn,k 3
we keep in each segment for the calculation in Fig. 2 1072 xn=0
of the main text. Here, dmax =4, N =5, M = 8, n=1
_ 6L
and vy = 50. 10 n=29
n Numon Npasis 1071°0F .“ n=3
‘?o” 2
0 1 1 \ {(A e an=4
10-14 N KA )
1 5 ) vn=>5
2 15 15 T 1 1 L1 11111 1 I k
3 35 35 1 5 10 20
4 70 10 . . .
FIG. S3. Average occupation of the basis states enumerated in
) 126 2 Table S1 in the ground state shown in Fig. 2. The basis states
Total 252 68 are indexed by their eigenvalue &, in Eq. (S38).

Once the basis is generated, one can represent the local operators as matrices following Sec. II B and proceed to
the DMRG sweeps, for which we used version 3.0.0 of the ITensor library in C++ [S4]. As discussed in the main
text, we run multiple DMRG cycles where the energy penalty A is successively increased in powers of 10. Here, the
practical objective is to produce a good initial state for the final cycle as quickly as possible. Thus, we start from a
small maximum bond dimension D, and gradually increase it with A to speed up the initial cycles, as shown in
Table S2. Throughout, we discard singular values below a truncation cutoff €;une = 10714, For the final few cycles,
Dy.x is sufficiently large that this threshold is exceeded on all bonds. For each value of A, we sweep back and forth
until the relative change in the total energy (including the discontinuity penalty) between consecutive sweeps is less
than a convergence threshold €cony, which we lower with increasing A (as in Table S2). We use a Davidson eigensolver
with up to a few tens of maximum iterations vyay, for which our thresholds are typically met after a small number
of sweeps. We terminate the program if, at the end of a cycle, the discontinuity Zj <'i'j7j+1>/L has dropped below
a target Tyisc = 1072, The CPU- and wall times are measured in seconds for each cycle and for the entire DMRG
program using the clock() and chrono::high resolution_clock: :now() functions, respectively, in C++ on Linux

desktops. Since we used quad-core CPUs, wall times are about a quarter of the CPU times.

TABLE S2. DMRG parameters for successive cycles with increasing penalty A for the system in Table S1 and Fig. 2: Vmax
is the maximum eigensolver iteration, €trunc is the singular-value cutoff, Dmax is the maximum bond dimension, €cony is the
convergence threshold, and D, Ngw, Atcpu, Atwan are the resulting bond dimension, number of sweeps, CPU- and wall times.

AL Vmax €trunc Dinax €conv D Ngw Atcpu(s) Atyan(s)
10! 30 10~ 20 1073 20 3 45 12
102 40 10~ 30 1074 30 3 109 28
103 40 10~ 40 105 40 4 203 51
10* 40 10~ 50 10-6 50 4 257 64
10° 30 10 100 1077 58 5 255 64
106 20 10~ 200 108 48 5 112 28
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Table S3 shows what basis states were used for benchmarking against discretization in Fig. 3 of the main text. The
corresponding DMRG parameters are listed in Tables S4 and S5. For the discretized model in Eq. (2), we employed a
standard DMRG cycle with €;une = 1071* and €cony = 1078, same as in the final cycle of cDMRG; we used npax = IV
and vpax = 3 which produced good convergence, and although D, was set to 1000, the actual bond dimensions were
comparable to those found using cDMRG, as shown in Fig. S4(a). We varied the number of segments and grid points
to control the error € in the ground-state energy. Figure S4(b) shows that the total number of sweeps is relatively
independent of ¢ for cDMRG, but scales roughly as e~/2 for discretization. The wall time for the entire DMRG
algorithm, plotted in Fig. S4(c), exhibits a similar scaling as the CPU time in Fig. 3(b) of the main text.

TABLE S3. Number of retained basis states, Npasis, for N = 10 in three cases: A and B were used in benchmarking for v = 10
and v = 0.1, respectively, in Fig. 3. C was used in Figs. 4 and 5 to explore ground states in a sinusoidal potential with M = 20.

Label‘ Amax n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10| Total
A 3 4 10 20 35 50 30 15 5 2 0 172
B 3 4 10 20 35 56 70 60 50 35 20 361
C 4 5 15 35 70 90 50 25 10 5 0 306
TABLE S4. DMRG parameters used in benchmarking for TABLE S5. DMRG parameters used for N = 10 and v = 0.1
N =10 and v = 10 in Fig. 3. See Table S2 for notation. in Fig. 3 and in the presence of a potential in Figs. 4 and 5.
AL l/max Gtrunc Dmax Gconv AL Vmax Etrunc Dmax ECOHV
101 20 10~ 20 1074 10t 30 10714 10 1074
102 30 10~ 30 1073 102 40 10714 20 107°
103 30 10~ 40 106 103 40 10~ 14 30 106
104 30 10~ 14 50 1077 104 40 10714 40 1077
10° 20 10~ 70 1078 10° 30 10714 60 1077
106 10 1071 120 10-8 106 20 10~ 100 10-8
T _ 10 T T |D o T ° k T T T : |D\\\ q~ T T :
100} °7 N |
10 3 o, ! % i
- = C N . 13 E -\-\J‘M‘—_—. :
_Q Z o © E By 1
\;Eo\‘ - i \\Q‘,\\ |
10'g (b) Te®1 02t © R
1078 1075 107 1073 10 1078 107 10° 1076 1078 107
|1 — E/Ega| |1—E/Ega| |1 — E/FEga|

FIG. S4. (a) Final bond dimension, (b) total number of sweeps, and (c) total wall time as a function of the relative error in the
ground-state energy for N = 10 using cDMRG (solid lines) and the discretized model (dashed lines), corresponding to Fig. 3.
The basis and DMRG parameters are given in Tables S3-S5. Dashed lines in (b) approximately follow N3 ~ [1—E/Ega|~"/2.

The ground states in the presence of a sinusoidal potential were obtained using basis C in Table S3 and the sweep
parameters in Table S5. The resulting bond dimensions, sweep numbers, and CPU times are shown in Fig. S5. For
weak interactions, the first two exhibit peaks where the ground state changes from a Mott insulator to a superfluid.
As expected, the CPU time is maximum at weak interactions and weak potentials where the ground state is the most

delocalized, requiring a large number of sweeps to populate all basis states.
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FIG. S5. (a) Final bond dimension, (b) total number of sweeps, and (c) total CPU time as a function of the potential depth
Vo, corresponding to Figs. 4 and 5, with NV = 10, M = 20, basis C in Table S3 and DMRG parameters in Table S5.

The basis states and DMRG parameters used in benchmarking the Tonks gas (y — oo) with V5 = 0 in Fig. S2(a)
are given in Tables S6—S8. The small basis dimensions are due to projection onto the lowest-energy subspace of the
interaction energy (see Sec. III B). For discretization we use the same settings as above, except with np., = 1 and
€conv €t the same as in the final cycle of cDMRG.

TABLE S6. Number of retained basis states used in benchmarking the Tonks gas in Fig. S2(a) for N =5 (D) and N = 10 (E).

Label‘ Aimax n=1 n=2 n=3 n=4 n=>5 n=6 n=7 n=8 n=9 nle‘ Total
D 3 4 6 4 1 0 0 0 0 0 0 16
E 3 4 6 4 1 1 1 1 1 1 0 21
TABLE S7. DMRG parameters for N =5 in Fig. S2(a). TABLE S8. DMRG parameters for N = 10 in Fig. S2(a).

AL Vmax Etrunc Dijax €cony AL Vmax Etrunc Diyax €cony
10! 40 1071 20 10° 10! 20 10— 20 10-°
102 40 10— 30 106 102 30 10714 30 106
103 40 10~ 14 40 1077 103 30 10714 40 107"
10% 40 10~ 50 1078 104 30 10714 50 1078
105 40 10— 100 1079 10° 20 10714 70 107°
106 40 10~ 200 107° 106 10 10— 120 1010

V. Convergence parameters in the algorithm

There are several numerical parameters in our algorithm that control the approach to the continuum limit: the
energy penalty for discontinuities (A), the maximum number of particles allowed in each segment (1.5 ), the maximum
polynomial degree in the basis functions (dmax ), the number of segments (M), and the number of basis states retained
(kmax) for n € {0,1,...,max}. Below we discuss how convergence works with respect to these parameters. There are
other parameters intrinsic to the DMRG sweeps, such as the maximum bond dimension (D); however, these behave
the same way as in traditional DMRG calculations.

The role of the energy penalty A is to impose continuity across neighboring segments. One can rescale the Hamil-
tonian as H JA=(1/ A)ﬁ s+ 7, where H, is the sum over energies in all segments and T is the discontinuity operator

[see Eq. (4)]. For A — oo the system is projected onto the degenerate nullspace of T, and the ground-state energy E*
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is found by minimizing H, in this space of continuous wave functions. For finite A the energy and the wave function
of the ground state both gain corrections of order 1/A, following degenerate perturbation theory. Using this scaling,
one can numerically extrapolate observables to the continuum limit, as shown in Fig. 1(a) inset for the energy. Note
this is obtained from a single run of the algorithm as we increase A in consecutive DMRG cycles.

The role of nyax is to truncate basis states that are not important at low energies. Thus, it should be large enough
that the likelihood of having more particles in a given segment is small. In addition, one requires ny.x > 2 to model
the physics of two-body interactions. This is similar to lattice DMRG where, for unity filling, it is usually sufficient,
and indeed common practice, to limit the on-site occupations to nmax ~ 5 [S5]. For generic continuous systems with
equal segments, the particle-number distribution is peaked at n = N/M and falls off exponentially at large n, so it
sufficient to have nyax > N/M. It is generally a good strategy to choose M such that N/M < 1 and set npax > 1.

The maximum polynomial degree dnax limits how accurately one can describe spatial variations within a segment.
Thus, it is complementary to the number of segments M. As we showed before, the error in the ground-state energy
and the single-particle correlations fall off as M ~2dmax [Fig. 3(a)] and M ~(dmax+1) [Fig. S2(a)], respectively. One can
extrapolate such power-law scaling to the continuum limit, e.g. by increasing M for a given dyax. Larger values of
nmax+dmx+1) -
M)
for large D [S6], where Dp is the bond dimension of the Hamiltonian MPO. Therefore, if the target error scales as

g ~ M ~Cdmax | the optimal choice for diax Will minimize N2, M ~ [ndmaxtl/(dy . + 1)!] 2o~ 1/ (Cdma) Tp particular,

dmax produces a faster decay in error at the cost of a larger basis size Njoca1, which grows as Nigea = (
ndmaxt1/(dya + 1)! if one retains all basis states. The computational cost for a DMRG sweep is O(D?D% Ni

max local

Mmax

this optimal dp,ax increases for smaller desired error €, smaller ¢, and smaller max-

Since we have multiple basis states for each value of n for a given d,,x, it is useful, though not essential, to further
truncate the unimportant states and reduce Nioca. We generate the basis by diagonalizing a local energy functional
(see Sec. ITC), which gives a natural ordering of the states ¢£f)k As shown in Fig. S3, their weights in the ground
state fall off exponentially with k, which provides a consistency check for truncating at k,.x. Generally, these cutoffs
kmax(n) should be guided by the local physics. For example, as one expects a much smaller contribution from n close
t0 Tmax, ONe may retain fewer states as in Table S3. This is especially true for strong repulsive interactions (Table S6).
Typically, knax is peaked at an intermediate value of n, and there is some trial-and-error involved in checking that
the results have indeed converged to the desired precision.

VI. Splitting a basis into finer segments

As discussed in the main text, one needs to split a basis into finer segments for multiscale DMRG approaches [S7]
and for obtaining the spatial entanglement at any point other than the segment boundaries. It suffices to consider a
single segment with rescaled basis functions x, () defined over [0,1]™ [see Eq. (S11)]. For notational simplicity, we
drop the segment label j in this section. To split x, , at at intermediate point &, we first construct basis functions
X, £ (7) over the left and right zones, [0,%]" and [#,1]", in terms of symmetrized monomials, as described below. Then
the task is to decompose x, (%) in the tensor product basis x* ® x 7, i.e.,

Xnk: Z Z Cn/ ket k— [ ,k+($1,$2,...,$n/) X;,n/’k—(xn’+1;$n’+2;-~-7xn)] ) (350)
=0 kt+,k—
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where S symmetrizes all n coordinates and the transformation coefficients CZ,”“H x— Characterize the splitting. Using

orthonormality and exchange symmetry of the basis functions, one finds
i 1
CZ;,HJr = / d"r xnx(7) S[X::H (@1, 22, T0r) Xy o (1, Trrga, @) (S51)
0

1/2 ;& i 1 1
n * — %
= (n’) / dzy .. / day, / depigr - / dzp, Xn,k(F) X:,Jﬁ (@1, @) X, e (@1, -, Tn) - (S52)
0 0 & &

As the basis functions are given in terms of symmetrized monomials [see Eq. (S14)], it is sufficient to compute this

integral for x, 1 (7) = p(7), X:’,kJr (T1,..yTp) = qT(z1,...,%n ), and Xp—nt - (T 15, Tn) = A (g1, -5 Tn),
with the monomial exponents p = {p1,....p,}, " ={¢;,..., ¢}, and q~ = {4115+, }, which yields

Coy g = V' (n =) L({py + i s o0 + 651, F) Zo(Z,{Pwrst + €y 5P 40 }) (S53)

where Z; and Z, have closed-form expressions given in Eqgs. (S22) and (S23).
One can construct Xf i in terms of monomials using the same procedure as in Sec. II C. For contact interactions,
they can be generated from the eigenvalue equations (Kﬁi + CUZE) |ka> = Efk|xffk> where, in the position basis,

. ) 9 .
k=Yg e 5 0 = Sl )t ). ($51)
K, :_%Zai {(xi—i)(l—xi) ai} . U; :2(@—@)(1—%)5@—%/). (S55)

Note we have adapted the factors z;(1 — z;) in Eq. (S38) for the intervals [0, ] and [%, 1]. Following the derivation in
Egs. (541)—(S44), we find the matrix elements, for p = {p1,...,p,} and q = {q1,...,qn},

' n

(p|K}|a) = = > pigi [5611 (incr(p +q,i,—1),%) — Zi(p + q, i‘)} : (S56)
i=1
| n—1

<p’UZ§|q> _ Z [ile<incr(merge(p +q,1),1, 1),%) —Il(incr(merge(p + q,i)7i72)7£)} , (S57)
i—1

(p|Kzla) = = Z Pigi [(1 + &) I, (%, incr(p + q,i, —1)) — Z,(&,p + q) — 2Z.(Z, incr(p + q, 1, —2))} , (S58)

n—1
<p|UZ |q> - Z [(1 +2)I, (JE, incr(merge(p +q,1),1, 1)) -7, (5:, incr(merge(p +q,1),1, 2))
i=1

— &7, (% merge(p +q, i))} . (S59)

The inner product of the symmetrized monomials over [0, Z]™ and [z, 1]" are simply given by (p|q)™ = n!Z;(p + q, %)
and (p|q)” =n!Z.(Z,p+q). Using these results, the construction of Xi . Teduces to a generalized eigenvalue problem.
In Fig. 5 of the main text, we truncate ka the same way as xnx (as detailed in Sec. IV).

VII. Tight-binding approximation with hard walls

In the presence of a sufficiently deep external potential V(z) = Vg cos?(N,7mz/L), one can approximate the con-
tinuum problem by N,, localized Wannier orbitals at the potential minima. To derive this tight-binding model, we

consider the single-particle Hamiltonian ﬁsp = K + P, where K = —02/2 and P= V(z) in the position basis. Since
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we have hard-wall boundaries at z = 0 and = = L, the Hilbert space is spanned by the particle-in-a-box wave functions
() = \/2/L sin(mmz/L), m =1,2,3,..., such that (v, |K|tm) = 6mm (m/Ny)?E,, where E, = N272/(2L?) is
the recoil energy. The potential V' (z) couples these states with the amplitudes

<am|ﬁ)|am’> = (VO/2) §m,m/ + (V0/4) (5m,m’+2Nw + 6m,m/72Nw - 5m,7m’+2Nw) ) (860)

which vanish for m # m’ unless m and m’ are separated by or add up to 2N,,. This selection rule partitions the wave
functions into N,, groups characterized by ¢ = 1,2,..., N, where mod(m + ¢,2N,,) = 0. Here, ¢ plays the role of
quasimomentum and the lowest-energy eigenstates of ﬁsp for each ¢ constitute the lowest band, fISp|1/)q> = Eq|tq).
We find the Wannier functions as eigenstates of Xpmj =X I1, where II is the projector onto the lowest band and X
is the position operator with matrix elements

4Lmm/’

(aml Kleom) = (=)™ =1 s

(S61)
Figure S6(a) shows the Wannier functions W;(z) for N,, = 10 and V;/E, = 2, centered at different potential minima
j, which become more localized with increasing V;/F,.. In this Wannier basis, one can calculate the nearest-neighbor
tunneling J; ;11 = —(W;|Hep|Wj41) and local energy shifts e; = (W;|Hyp|W;). Contact interactions give rise to the
“on-site” interaction energies U; = g fOde |W,(z)|*. As shown in Figs. S6(b-c), these effective Hubbard parameters
are slightly larger close to the edges. In Fig. 4 of the main text, we simulate such nonuniform Hubbard models
using a standard DMRG routine in Mathematica version 12.3.0 with singular-value cutoff €i;unc = 107'2, convergence

threshold €cony = 1078, and maximum bond dimension Dy,.x = 500 (cf. Sec. IV).
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FIG. S6. (a) Wannier functions at the 1st, 5th, and 9th potential minima for Vy/E, = 2 and N,, = 10. (b) Tunneling between
nearest-neighbor minima and (c) local energy shifts €; and interaction energies U; for the system in (a).

VIII. Condensate fraction in the Tonks gas

In the limit of infinitely strong repulsive interactions, v — oo, the 1D Tonks gas of impenetrable bosons maps onto
free fermions, such that their ground-state wave function ¥(7) is given by the absolute value of that of the fermions,
U (7) = | (7)| [S8]. For a sinusoidal potential V (x) = Vg cos?(N,,7z/L) with unit filling, N,, = N, ¥ (7) is obtained
by populating each of the single-particle eigenstates 14(x) in the lowest band (see Sec. VII) with a fermion and taking
the Slater determinant. Therefore,

U (F) = \/% et [ (@)], 11 s x| (S62)
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The boson occupation of the single-particle modes are contained in one-body density operator p;, where

L
p1(z, ') = N/o ANl Wz, 7) U () (S63)

In particular, the condensate fraction is given by fy := No/N, where Nj is the occupation of the single-particle ground
state (corresponding to ¢ = 1), No = (¢1|p1]11). Thus,

]‘ L v / / /!
fo= [ do [ ir@pea)in@). (564)

For Vy = 0, ¥, () = \/2/L sin(grz/L) and one can simplify p;(z,2’) to a determinant [S2], reducing the calculation
of fo to a 2D numerical integral. Figure S7(a) shows that, in this case, fo ~ N4, The condensate fraction f,
vanishes in the thermodynamic limit, but is finite for fixed N. For Vj > 0, we find the single-particle states |1,) by
exact diagonalization and then compute fy by an (N + 1)-dimensional Monte Carlo integration with up to 10® points

in Mathematica version 12.3.0. The results for N = 10 are shown in Fig. 4(b) of the main text.
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FIG. S7. Ground-state parameters for Vo — 0: (a) Condensate fraction vs particle number for v — oo; solid line shows the fit
0.97 N~94_ (b) Luttinger parameter vs interaction strength; arrows show the onset of pinning instability below K = 2. (c)
Critical interaction strength 7., corresponding to K = 2, vs particle number; solid line shows the fit 3.5 4+ 7.5/N.

IX. Luttinger parameter and pinning instability

The low-energy excitations of our model for the interacting 1D Bose gas are described by a Luttinger liquid [S9],
characterized by the parameter K = v,/vx, where v; and vy are the speed of sound and density stiffness, respectively.
These can be obtained from the ground-state energy E as

[L? O°F L 0°FE
Vg = ~N L2 and UN—;—aNQ ; (S65)

with A = m = 1. In the absence of any external potential V(x), E can be calculated exactly using Bethe Ansatz
[S10], thus one can find K as a function of the interaction strength ~ for a given particle number N, as shown in
Fig. S7(b). Crucially, perturbative calculations have shown [S11] that for K < 2, a Luttinger liquid has an instability
whereby it is pinned to an insulating state by an arbtrarily weak commensurate potential, V (z) = V; cos?( N2 /L)
with N/N,, = integer. Thus, K = 2 marks the transition from a superfluid to a Mott insulator for Vj; — 0. In
Fig. S7(c), we plot the corresponding interaction strength +., which is well fitted by v. ~ 3.5 + 7.5/N.
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